
 PARAMETRIC APPROACHES TO THE ANALYSIS OF TIME TO EVENT DATA: 

WHY NOT? 

 

 

 

 

 

 

 

 

 



ACCELERATED FAILURE TIME AND THE WEIBULL 

 

 AFT analysis represents a powerful and versatile alternative to traditional 

Cox PH approach  

 Let 𝑻 represent log failure time, then an AFT model is simply 

𝒕 = 𝝁 + 𝜷′𝒙 + 𝝐  

 Examples include Exponential, Log Normal and Weibull 

 Weibull is the only AFT member that is simultaneously proportional: 

o 𝑓(𝑡) = 𝛼𝜆𝑡𝛼−1𝑒−𝜆𝑡𝛼
 with 𝑡 > 0, 𝛼 > 0,  𝜆 > 0 

o 𝑆(𝑡) = 𝑒−𝜆𝑡𝛼
,   ℎ(𝑡) = 𝛼𝜆𝑡𝛼−1  

o 𝐻𝑅(𝑡) =
𝛼𝐸𝜆𝐸

𝛼𝐶𝜆𝐶
𝑡𝛼𝐸−𝛼𝐶   so that  𝐻𝑅(𝑡) =

𝜆𝐸

𝜆𝐶
   if  𝛼𝐸 = 𝛼𝐶     



WEIBULL SURVIVOR FUNCTION 
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WEIBULL HAZARD FUNCTION 
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SOME PROPERTIES AND FEATURES OF THE WEIBULL 

 AFTs easily fit in SAS via PROC LIFEREG 

o Supports regular time to event and interval censored analysis  

o 𝛼 = 1 𝜎⁄    and   log(𝜆) = − (𝜇 + 𝛽′𝑥) 𝜎⁄   

o If  𝑥 = 0, 1 denotes control and experimental, log(𝐻𝑅) = − 𝛽 𝜎⁄  with 

variance  𝑣𝑎�̂�[log (𝐻�̂�)] = (�̂� �̂�⁄ )
2

(�̂�−2𝑣𝑎�̂�(�̂�) + �̂�
−2

𝑣𝑎�̂�(�̂�) − 2�̂�−1�̂�
−1

𝑐𝑜�̂�(�̂�, �̂�)) 

 Event Time Ratio 



o Percentile:  𝒕𝒑 = {𝝀−𝟏𝒍𝒐𝒈(𝒑−𝟏)}
𝜶−𝟏

   

o 𝒕𝑬𝒑 𝒕𝑪𝒑⁄ = 𝑯𝑹−𝜶−𝟏
 

o Allows quantification of treatment effect in terms of added time 

 

SOME PROPERTIES AND FEATURES OF THE WEIBULL 

 Estimated survivor function �̂�(𝒕) = 𝒆−�̂�𝒕�̂�
  

o 𝑣𝑎�̂� [𝑙𝑜𝑔 (−𝑙𝑜𝑔�̂�(𝑡))] = 
1

�̂�2
(𝑣𝑎�̂�(�̂�) + 𝑣𝑎�̂� (�̂�′)) + {

(�̂�+�̂�′𝑥−log(𝑡))

�̂�2
}

2

𝑣𝑎�̂�(�̂�) 

+
2

�̂�2
𝑐𝑜𝑣 (�̂�, �̂�′) −

2

�̂�3
(�̂� + �̂�′𝑥 − log(𝑡)) (𝑐𝑜𝑣(�̂�, �̂�) + 𝑐𝑜𝑣 (�̂�′, �̂�)) 

o Allows CI envelope for �̂�(𝑡) to be estimated 

 Direct test of proportionality 



o 
{𝑙𝑜𝑔(�̂�𝐸 �̂�𝐶⁄ )}2

�̂�𝐸
−2𝑉𝑎𝑟(�̂�𝐸)+�̂�𝐶

−2𝑉𝑎𝑟(�̂�𝐶)
 ~𝜒1

2 

 Asymptotically equally efficient to Cox regression 

o 𝑣𝑎�̂�[log (𝐻�̂�𝐶𝑜𝑥)] ≅  1 𝑑𝐸⁄ + 1 𝑑𝐶⁄      (Sellke and Siegmund 1983) 

o 𝑣𝑎�̂�[log (𝐻�̂�𝐴𝐹𝑇)] ≅  1 𝑑𝐸⁄ + 1 𝑑𝐶⁄      (Carroll 2003) 

SOME PROPERTIES AND FEATURES OF THE WEIBULL 

 Average event rate over (0,T]  

o Integrated hazard over (0,T] =  𝜆𝑇𝛼  so the average hazard, 𝐻, = 𝜆𝑇𝛼−1 

o 𝑣𝑎�̂�[𝑙𝑜𝑔(𝜆𝑇𝛼−1)] easily attained via delta method as for 𝑣𝑎�̂� [𝑙𝑜𝑔 (−𝑙𝑜𝑔�̂�(𝑡))] 

o 𝐻𝐸 𝐻𝐶⁄  = ratio of average hazards over (0,T] even if data non-proportional 

 Predicting data maturation 



o Assume an analysis has been performed with a mean follow-up time 𝐹, at 

which time 𝑑 patients have died and 𝑐 = 𝑛 − 𝑑 are censored. 

o Consider the individual 𝑖 with covariates 𝑥𝑖, censored at time 𝐹. The 

probability that this individual survives to time 𝐹 + 𝑆 is 𝑒−𝜆𝑖{(𝐹+𝑆)𝛼+𝐹𝛼}  so 

that 𝐹 + 𝑆 = (−𝜆𝑖
−1 ln(𝑢) + 𝐹𝛼)

−𝛼
 where  𝑢~𝑈(0,1) 

SOME PROPERTIES AND FEATURES OF THE WEIBULL 

 Predicting data maturation (contd.) 

o Survival times for the 𝑐 censored individuals can be predicted if 𝑐 deviates  

are randomly sampled from a 𝑈(0,1) distribution, and substituted into  

(−𝜆𝑖
−1 ln(𝑢) + 𝐹𝛼)

−𝛼
. 



o If, for the 𝑖𝑡ℎ patient, predicted survival exceeds 𝐹 + 𝑆, then the patient 

remains censored; otherwise the patient is predicted to have died in the 

interval (𝐹, 𝐹 + 𝑆]. 

o Repeating this process and averaging over repeats provides an estimate of  

the number of additional deaths expected in the interval (𝐹, 𝐹 + 𝑆]. 

 

  



SOME PROPERTIES AND FEATURES OF THE WEIBULL 

 Impact of departures from the Weibull 

o Simulation studies show similar results via Cox and Weibull modelling 

irrespective of true underlying distribution of the time to event (Carroll 2003) 

 



SOME PROPERTIES AND FEATURES OF THE WEIBULL 
 Impact of departures from the Weibull 

 



EXAMPLE #1 

 
 



EXAMPLE #1 

 

 

  

Additional Expected

follow-up: maturity:

1 year 21%

2 years 28%

3 years 35%
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EXAMPLE #2 

 

 PLATO trial:  ticagrelor vs clopidogrel in acute coronary syndromes 

 18,642 patients 

 Primary endpoint time to first of non-fatal stroke, non-fatal myocardial 

infarction or CV death  

 Highly significant interaction between treatment effect (HR) and aspirin  

dose (p<0.00001) 

 Aim : to describe and characterise the relationship between the HR and  

aspirin dose 

 

  



EXAMPLE #3 

 Determination of sample size 

o 𝑑 events required for  1 − 𝛽  power, 1-sided 𝛼 level 

o 𝑛 = 𝑑�̃�−1 where �̃� = 2 (𝜋𝐸
−1 + 𝜋𝐶

−1)⁄  is the average probability of an event 

over the trial follow-up period 𝑅 + 𝐹.   

o If patient entry times 𝑟, over accrual period of length 𝑅 has pdf 𝑓(𝑟) then 𝜋 =

∫ ∫ 𝑓(𝑡|𝑟)𝑓(𝑟)𝑑𝑡𝑑𝑟
𝑅+𝐹

𝑡=𝑟
=

𝑅

𝑟=0
1 − 𝐸𝑟[𝑒−𝜆(𝑅+𝐹−𝑟)𝛼

] ≈ 1 − 𝑒−𝜆(𝑅+𝐹−𝐸[𝑟])𝛼
 

o If  𝑟 ~ 𝑈(0, 𝑅),   𝜋 ≈ 1 − 𝑒−𝜆(𝑅+𝐹−𝑅 2⁄ )𝛼
   

o E.g. 508 events to test hypothesis true HR is 0.75. 

o R=12, F=6, 𝛼 = 0.33, 𝜆𝐶 = 0.385  then 𝜋𝐶 = 0.586 and  𝜋𝐸 = 0.551 so that 

�̃� = 0.568,  hence 𝑛 = 508 0.568⁄ = 895  



EXAMPLE #4 

 Expected duration of response  

 



EXAMPLE #4 

 Expected duration of response  

 

 


